The extremely high brightness temperatures of pulsars and fast radio bursts (FRBs) require their radiation mechanisms to be coherent. Coherent curvature radiation by bunches has been long discussed as the mechanism for radio pulsars and recently for FRBs. Assuming that bunches are already generated in pulsar magnetospheres, we calculate the spectrum of coherent curvature radiation under a three-dimensional magnetic field geometry. Different from previous works assuming parallel trajectories and a mono-energetic energy distribution of electrons, we consider a bunch characterized by its length, curvature radius of the trajectory family, bunch opening angle, and electron energy distribution. We find that the curvature radiation spectra of the bunches are characterized by a multi-segment broken power law, with the break frequencies depending on bunch properties and trajectory configuration. We also emphasize that in a pulsar magnetosphere only the fluctuation of net charges with respect to the background (Goldreich-Julian) outflow can make a contribution to coherent radiation. We apply this model to constrain the observed spectra of pulsars and FRBs. For a typical pulsar (B p = 10 12 G, P = 0.1 s), a small fluctuation of the net charge δn GJ ∼ 0.1n GJ can provide the observable flux. For FRBs, the fluctuating net charge may be larger due to its abrupt nature. For δn GJ ∼ n GJ , a neutron star with a strong magnetic field and fast rotation is required to power an FRB in the spindown-powered model. The requirement is less stringent in the cosmic comb model thanks to the larger cross section and compressed charge density of the bunch made by the external astrophysical stream that combs the magnetosphere.
INTRODUCTION
Both radio pulsars and fast radio bursts (FRBs) show non-thermal radio spectra and a very high brightness temperature, T B , which is much greater than any plausible thermal temperature, T e , of the electrons in the source. In general, there are two mechanisms that limit the brightness temperature in a synchrotron source (e.g. Melrose 2017): 1. synchrotron self-absorption (SSA) implies T B γm e c 2 /k B , where γ is the Lorentz factor of the electrons; 2. inverse Compton scattering implies T B 10 12 K (Kellermann & Pauliny-Toth 1969) . Observationally, the brightness temperature of radio pulsars can reach T B ∼ 10 26 K, and the brightness temperature of FRBs can even reach T B ∼ 10 37 K. Therefore, the emission mechanism from pulsars and FRBs must be extremely coherent 1 , which means that the observed emission cannot be explained by the simple summation of the radiation power of individual particles. Rather, the superposition of the electromagnetic waves from each particle should be considered. Theoretical models usually invoke one of three classes of coherent emission mecha-1 In physics, two waves with the same waveform are perfectly coherent if they have a constant phase difference and the same frequency. Thus, coherence can cause the amplitude of the superposition of two wave enhanced or reduced. In the field of pulsars and FRBs, "coherent" is mainly defined as "coherently enhanced". We adopt this definition throughout the paper.
nisms (e.g. Melrose 2017 ): radiation by bunches (related to particle coherence in position space), a reactive instability (related to particle coherence in momentum space), and a maser mechanism (negative absorption).
After decades of studies, the coherent emission mechanism of radio pulsars remains not fully understood (Melrose 2017) . The leading mechanism invokes coherent curvature radiation by bunches (Gunn & Ostriker 1971; Sturrock 1971; Ginzburg & Zhelezniakov 1975; Ruderman & Sutherland 1975; Buschauer & Benford 1976; Benford & Buschauer 1977; Pataraia & Melikidze 1980; Melikidze et al. 2000; Gil et al. 2004 ), but other mechanisms, such as various maser mechanisms (Twiss 1958; McCray 1966; Blandford 1975; Melrose 1978; Luo & Melrose 1992 , linear acceleration emission (Cocke 1973; Melrose 1978; Kroll & McMullin 1979) , relativistic plasma emission (Weatherall 1998; Melrose & Gedalin 1999; Melrose 2017) , and anomalous Doppler emission (Machabeli & Usov 1979; Kazbegi et al. 1991; Lyutikov et al. 1999a,b) have been also discussed in the literature. FRBs have even more extreme brightness temperatures (e.g. Lorimer et al. 2007 ; Thornton et al. 2013; Chatterjee et al. 2017) , which require more stringent coherent conditions than radio pulsars. Nonetheless, curvature radiation by bunches (Katz 2014 (Katz , 2018a Kumar et al. 2017; Ghisellini & Locatelli 2017; Lu & Kumar 2018) has been suggested to be the leading mechanism, even though the coherent conditions have been over-simplified in these models. Some maser mechanisms (Ghisellini 2017; Lyubarsky 2014; Waxman 2017; Beloborodov 2017) have also been proposed to explain FRB emission. However, the maser condition of population inversion is hard to achieve, especially for the extremely high brightness temperature observed in FRBs (Lu & Kumar 2018) .
In this paper, we mainly focus on the coherent curvature radiation by bunches. When a charged particle moves along a curved trajectory, its perpendicular acceleration will result in the so called "curvature radiation". For a relativistic electron in the magnetosphere around a neutron star, due to the strong magnetic field, the vertical momentum perpendicular to the field line drops to zero in a very short period of time due to synchrotron cooling, e.g., t cool ∼ 10 −18 s(γ/1000)(B/10 12 G), where γ is the Lorentz factor of electron and B is the magnetic field strength. This leads to electrons moving along the field lines. The electron trajectories then essentially track with the field lines 2 . Besides the mechanism of forming bunches (e.g. Pataraia & Melikidze 1980; Melikidze et al. 2000) , coherent curvature radiation by a three-dimensional bunch has been studied in some earlier papers, e.g. Sturrock et al. (1975) and Elsaesser & Kirk (1976) . In these works, an underlying assumption is that the electron spatial distribution is "stationary", which means that the spatial separations among the electrons remain the same as they move out from the magnetosphere, which demands that all the electron trajectories are parallel to each other. Thus the radiation only depends on the initial distribution of electrons. In this case, based on a three-dimensional Fourier transform of the electron distribution, a simple theory of coherent curvature radiation from a three-dimensional bunch could be developed. In reality, the magnetic field lines are very likely not parallel to each other. For example, a bunch moving in a dipolar field will expand when it moves away from the dipole field center, so that the electron distribution is not "stationary". In order to make effective coherence, the opening angle of a bunch needs to be confined within 1/γ in the direction of the field line. However, this condition can be hardly maintained due to the curvature and non-parallel nature of the dipole field lines.
Another simplified assumption in these previous works (Sturrock et al. 1975; Elsaesser & Kirk 1976) is that the electron distribution is mono-energetic. Theoretical modeling of pulsar magnetosphere and observations suggest that the accelerated electrons should have an energy distribution, the simplest of which is a power law. The calculation of coherent radiation of such power-lawdistributed electrons become more complex, since a coherent sum of the amplitudes from electrons with different energy should be considered. Ghisellini & Locatelli (2017) discussed the spectrum of curvature radiation from power-law-distributed electrons, however, they ignored the coherent sum of the amplitudes of electromagnetic waves.
In this paper, we do not discuss the formation of bunches (see detailed discussion in e.g. Pataraia & Melikidze 1980; Melikidze et al. 2000) , but attempt to calculate the spectrum of the curvature radiation by bunches (assuming that they already exist) under a three-dimensional magnetic field geometry and a power-law distribution of electron energy. We then apply this theory to pulsars and FRBs and investigate the conditions to reproduce their observed brightness temperatures. We consider that a bunch, consisting of a trajectory family, is characterized by the following parameters: bunch length, curvature radius of the trajectory family, bunch opening angle, and electron energy distribution. We find that the radiation spectra of bunches under a three-dimensional magnetic field geometry is a multi-segment broken power law with the break frequencies depending on the above parameters. In particular, we emphasize that the low-frequency index of the spectrum is 2/3 rather than 1/3 in most previous works (e.g. Kumar et al. 2017; Ghisellini & Locatelli 2017) . Consider that the observed duration of one pulse from pulsars or FRBs, e.g., T obs 1 ms is much longer than the pulse duration of the curvature radiation, e.g. T p ∼ 1/ν obs ∼ 1 ns, there are numerous bunches sweeping cross the line of sight during the observed duration. We emphasize that not all electrons in the magnetosphere contribute to coherent radiation, and that only the fluctuating net charges with respect to the GoldreichJulian outflow can make a contribution. Such a fluctuation of charges might originate from the abrupt discharges of the inner gap near the neutron star surface (Ruderman & Sutherland 1975; Zhang & Qiao 1996; Zhang et al. 1997; Gil & Sendyk 2000; Gil et al. 2006) , instabilities in the outflow (Cheng & Ruderman 1977; Egorenkov et al. 1983; Usov 1987; Gedalin et al. 2002; Kumar et al. 2017; Lu & Kumar 2018) , or the oscillation of plasma in the acceleration region (Levinson et al. 2005; Beloborodov & Thompson 2007; Luo & Melrose 2008) . For all these cases, the fluctuating net charges in one bunch are usually not much larger than the local Goldreich-Julian density for pulsars. We apply the observational data of pulsars and FRBs to constrain these parameters.
The paper is organized as follows. In Section 2, we briefly review the main properties of the radiation from a single moving charge. In Section 3, we discuss the coherent curvature radiation from a point source bunch. In particular, we calculate the coherent radiation spectrum from electrons with a power-law distribution. In Section 4, we extend our discussion of coherent curvature radiation to a spatially extended source with: 1. electrons distributed in the same trajectory; 2. electrons distributed in a trajectory family; 3. electrons in the trajectories with different curvature radii. In particular, for the second case, different from the previous models for three-dimensional bunches with a stationary distribution in parallel trajectories (e.g. Sturrock et al. 1975; Elsaesser & Kirk 1976) , we consider a more general case in which the electron trajectories are not parallel to each other. In Section 5, the multi-frequency spectra of threedimensional bunch are derived for different parameter ranges, which are found to be a broken power law. In Section 6 and Section 7, we discuss the applications of this theory to pulsars and FRBs, respectively. For the FRB models, we consider both the traditional polar cap model and the cosmic comb model. The results are summarized in Section 8 with some discussions. Some detailed calculations are presented in the Appendix.
RADIATION BY MOVING CHARGES
Consider an electron that moves along a trajectory r(t). The observation point is assumed to be far enough away from the region of space where the acceleration occurs. In this case, the energy radiated per unit solid angle per unit frequency interval is given by (see Appendix A)
where ω is the observed angle frequency, β =ṙ(t)/c is the dimensionless velocity, and n is the unit vector between the electron and the observation point, which is sensibly constant in time. Therefore, one can see that the observed spectrum is determined by the electron trajectory over a period of time.
If there is more than one charged particle, a coherent sum of the amplitudes should replace the single amplitude. In this case, the energy radiated per unit solid angle per unit frequency interval is given by
where j represents the identifier of each charged particle, and q j is the corresponding charge. We should note that dI/dωdΩ does not have "per unit time" in its dimension.
As pointed out by Rybicki & Lightman (1979) , the coexistence of dt and dω would violate the uncertainty relation between ω and t, e.g., ∆t∆ω > 1. However, if the pulse repeats on an average time scale T , the radiation power may be written as (Rybicki & Lightman 1979) 
For synchrotron radiation, naturally the pulse repeats with the gyration period T = 2π/ω B , where ω B = eB/γm e c is the gyration frequency. However, for curvature radiation of a single particle, the charge motion direction only sweeps the line of sight once, so that the definition of radiation power is no longer meaningful. If there is more than one particle sweeping cross the line of sight, T would be the mean time interval between each pair of the particles, and dI/dωdΩ corresponds to the radiation energy of one particle 3 . First, we briefly summarize the curvature radiation of a single electron during instantaneously circular motion (see Appendix B) . Considering that the instantaneouslycircular trajectory has a curvature radius ρ and lies in a trajectory plane, and the angle between the line of sight and the trajectory plane is θ. For an accelerated relativistic electron with Lorentz factor γ, the radiation is beamed in a narrow cone of ∼ 1/γ in the direction of the electron's velocity, which can be seen as a short pulse as the beam sweeps cross the observational point. Then the energy radiated per unit frequency interval per unit solid angle is given by (e.g. Jackson 1998)
where the parameter ξ in the modified Bessel function K ν (ξ) is defined by ξ = (ωρ/3c) 1/γ 2 + θ 2 3/2 , the first term in the square bracket corresponds to the polarized component in the trajectory plane, and the second term corresponds to the polarized component that is perpendicular to the line of sight and the above polarized component (see Appendix B). Numerically, dI/dωdΩ is dominated by the first term.
According to Eq.(4), one can find that the typical spread angle depends on frequency (see Appendix B), e.g.,
where ω c is the critical frequency of the curvature radiation, e.g.,
For ω ∼ ω c , the radiation is confined to angles of the order ∼ 1/γ; for lower frequencies, the spread angle is larger. Note that for frequencies higher than ω c , one has θ c ∝ ω −1/2 . However, the radiation has become negligible.
On the other hand, the observed spectrum depends on the observation direction. At θ = 0, the radiated energy is maximum. Once θ θ c (ω), the radiated energy will significantly decrease. For the case with θ = 0, the energy radiated per unit frequency interval per unit solid angle could be approximately given by (see Appendix B)
Thus, one has dI/dωdΩ ∝ ω 2/3 for ω ≪ ω c . For the case with θ = 0, as θ increases the cut-off frequency of the spectrum will shift to lower frequency, but the spectral index still keeps 2/3. In this work, in order to analyze the maximum brightness temperature of pulsars or FRBs, we consider that the observed direction is at θ = 0.
The spectrum of the total energy emitted by the electron can be found by integrating Eq.(4) over angle (Westfold 1959) 
This equation can give the classical spectrum of synchrotron radiation in astrophysical processes, e.g. dI/dω ∝ ω 1/3 for ω ≪ ω c . However, one must note that it is the total radiation spectrum in all directions rather than the direction along the line of sight. In most astrophysical sources that invoke synchrotron radiation, since electrons in the magnetic fields have random pitch angles (the angle between the magnetic field direction and the electron velocity direction), or the local magnetic fields where electrons are accelerated have random directions, the incoherent sum of the radiation energy per unit solid angle, e.g., Eq.(4), from different electrons will make the classical ω 1/3 spectrum as shown in Eq.(8) (Yang & Zhang 2018) . However, for curvature radiation, Eq. (8) is not applicable for the following two reasons: 1. the trajectories of charged sources are almost the same at large scales, and the observed spectrum is from the radiation along the line of sight; 2. even for more than one charged sources with different motion directions, a coherent sum of the amplitudes, rather than a simple integration of radiation energy over angles, should be considered.
Finally, we consider the duration of one pulse emitted by such an instantaneously circular motion. For a given frequency with ω ≪ ω c , the spread in angle is θ c (ω) ≃ (3c/ωρ) 1/3 . Thus, the frequency-dependent pulse duration of the curvature radiation is given by
where the factor (1−v/c) is due to the propagation timedelay effect. For ω ∼ ω c , one has T p ∼ ρ/cγ 3 ∼ 1/ω c .
COHERENT EMISSION BY A POINT SOURCE CHARGE

BUNCH
In this section, we calculate the radiation from a point source charge bunch moving instantaneously at a constant speed on an approximate circular path. In order to satisfy the point-source approximation, one needs: 1. the system scale is much smaller than the typical curvature radius of the trajectory; 2. all electrons have nearly the same state of initial motion 4 . We consider two cases of point-source radiation: 1. power-law-distributed electrons; 2. particles with different charges.
3.1. Radiation from electrons with a power-law distribution First, we consider that the energy distribution of the electrons satisfies a power-law distribution, e.g.
where N e (γ)dγ is the electron number in a range from γ to γ + dγ, N e,0 is the corresponding normalization, and γ 1 and γ 2 are the lower and upper limits of the electron Lorentz factor. In this case, a coherent sum of the amplitudes should replace the single amplitude, and one has
where A and A ⊥ denote the polarized component of the amplitude along ǫ and ǫ ⊥ , respectively, see Appendix B. We consider that the observed direction is at θ = 0, according to Appendix C, one has A ⊥ (ω, γ) = 0, and
For a power-law electron distribution, e.g. Eq.(10), the energy radiated per unit frequency interval per unit solid angle is given by
where ω c1 = ω c (γ 1 ) and ω c2 = ω c (γ 2 ). At last, we note that the velocity spread, e.g., ∆v ∼ ∆βc ∼ ∆γc/γ 3 , would cause a linear extent of the bunch, i.e., ∆l ∼ ∆vt ∼ ct/γ 2 , where ∆γ ∼ γ is assumed. For the electromagnetic wave with λ ∆l, the effect of the linear extent is negligible.
3.2. Radiation from particles with different charges Next, we discuss the radiation from a point source with particles of different charges. According to Eq.(2), if all the charged particles have the same trajectory, the charge term can be extracted from the integral, so that the radiation spectrum only depends on the net charge in the point source, i.e.
Therefore, only the net charge in the point source can contribute to curvature radiation. For example, in the pulsar wind, the total lepton number density is µ ± n GJ , where n GJ denotes the GoldreichJulian density (Goldreich & Julian 1969) , and µ ± is the multiplicity resulting from the electron-positron pair cascade. However, the electron-positron pairs in a bunch do not contribute to the net charge, and hence, would not contribute to coherent emission. Only the net charge, of the order of n GJ , in the bunch may contribute to coherent radiation.
COHERENT EMISSION BY CHARGES IN A SPATIALLY EXTENDED SOURCE
In the above section, the size of the emission region is considered to be much smaller than the curvature radius of the trajectory, which can be treated as a point source. Next, we further consider the curvature radiation from an extended source, including three cases: 1. the electrons move in the same trajectory but with different delay times; 2. the electrons are in a trajectory family with the same curvature radius but different orientations; 3. the electrons are in the trajectories with different curvature radii.
Electrons in the same trajectory
We consider that the trajectories of N electrons are the same but the electrons are injected at different times. The retarded position of the jth electron can be written as r j (t) = r(t) + ∆r j (t), where r(t) denotes the retarded position of the first electron, and ∆r j (t) denotes the relative displacement between the first electron and the jth electron. For a relativistic bunch, its radiation is beamed in a narrow cone that sweeps cross the line of sight. Therefore, if the bunch length satisfying L ∼ ∆r N ρθ c , where θ c is the spread angle of curvature radiation (see Eq. (5)), then in the observed path (with a length ∼ ρθ c where the bunch velocity is almost parallel to the line of sight), the relative displacement between each electron could be considered as time-independent (the detailed discussion is shown in Appendix D). In this case, according to Eq.(2), the total energy radiated per unit solid angle per unit frequency interval can be approximately given by
which is
where
is a dimensionless parameter denoting the enhancement factor due to coherence, and dI (1) /dωdΩ corresponds to the radiation of the first electron. Therefore, once F ω (N ) is obtained, the radiation spectrum of N electrons can be calculated via Eq.(16) and Eq.(17). For example, if all the electrons are at one point, e.g., ∆r j ≃ 0, one has F ω (N ) = N 2 , which means that the spectrum has the same shape with the single charge, but is enhanced by a factor of N 2 .
4.1.1. One bunch in the trajectory We assume that N electrons are spatially uniformly distributed in a bunch along the trajectory. In the lab frame, the intrinsic length of a bunch is L, the curvature radius of the trajectory is ρ, and the position of the j electron is x j (0 < x j < L), as shown in Figure 1 .
According to the radiation theory outlined in Section 2, the observed radiation spectrum is taken over the path. Meanwhile, most observed energies are radiated when the angle between the line of sight and the bunch velocity is at minimum 5 . We define such a minimum angle as ϕ, as shown in Figure 1 . If the line of sight is parallel to the trajectory plane, one has ϕ = 0. Thus the amplitude of the radiation from the jth electron is given by
where k ≡ ω/c, A is the radiation amplitude (see Appendix A), and A(ω, 0) corresponds to the radiation amplitude of the first electron. Using Eq.(17), one has
and the second equal sign is based on the assumption that electrons are uniformly distributed in a bunch. As shown in Eq.
If the line of sight is parallel to the trajectory plane, e.g. ϕ ∼ 0, the observed energy will reach the maximum value, and one has ω l ≃ 2c/L.
On the other hand, in order to make the radiation from the electrons at x = 0 and x = L coherent, the condition L/ρ ≪ θ c needs to be satisfied, where θ c ∼ (3c/ωρ) 1/3 (see Eq.(5) in the ω ≪ ω c regime) is the emission angle of the relativistic electron. Therefore, the upper limit of the coherent frequency is given by
Any electromagnetic wave with ω ≫ ω m would not be coherent. In summary, one has The F ω -ω relation is shown in Figure 2 . If ω ≪ ω l , the wavelength of the electromagnetic waves will be much larger than the bunch length, which means that the radiation from each electron has almost the same phase. In this case, one has significant coherence. On the other hand, if ω ω l , the factor of sin 2 (ω/ω l )/(ω/ω l ) 2 will play a role to reduce coherence, which causes: 1. the maximum value of F ω (N ) proportional to ω −2 ; and 2. the spectral oscillation. At the frequency around ∼ ω l , the spectrum oscillation is significant. For higher frequencies, e.g., ω ≫ 10ω l , since oscillation becomes rapid, the observed spectrum would appear as a power law. Finally, once ω ≫ ω m is satisfied, the radiation will become incoherent.
More than one bunch in the trajectory
Next, we consider that there are N B bunches in the trajectory. For each bunch, the length and the electron number are assumed to be L and N , respectively. We define that x j is the distance between the jth electron and the first electron in each bunch, and s n is the distance between the first electron in the nth bunch and the first electron in the first bunch. If the total length of N B bunches, including the spaces between each bunch, is much less than the curvature radius ρ of the trajectory, then the angle between each bunch velocity and the line of sight is almost the same, e.g., ϕ n ∼ ϕ. Similar to the discussion in the above section, one has
where ω bl = 2c/s NB cos ϕ. Define L s is the mean space between each bunch, then
We also define the maximum inter-bunch coherent frequency, e.g.,
If ω ≪ ω bm , the superposition of the electromagnetic waves from each bunch will be coherent, and the radiation energy is corrected by the factor of Eq.(23). However, if ω > ω bm , Eq. (23) is not applicable. In this case, the superposition of the electromagnetic waves from different bunches will not be coherent, one may have
, where F ω (N ) corresponds to one bunch. As shown in Figure 2 , for one bunch, the spectrum appears a significant oscillation at ω l , which can show the discrete band structure in the spectrum. Such a property might explain the narrow spectrum of the nanosecond giant pulse of the Crab pulsar (Hankins & Eilek 2007) . However, for more than one bunch, if the time intervals of each bunch satisfies random distribution, the oscillation in the total spectrum would be smoothed.
Steady current flowing in the entire trajectory
Assuming that the electrons are distributed in the entire trajectory, and the charge density and the current density are independent of time. According to Maxwell's equation, the electromagnetic field generated by a steady source is steady, which cannot contribute to radiation, i.e.,
In general, a current can be considered to consist of a steady component and some perturbations. Only the fluctuating part can contribute to coherent radiation. For a rotating neutron star, there should be a background quasi-Goldreich-Julian outflow in the magnetosphere (Goldreich & Julian 1969) . In order to generate radiation, there must be a perturbation in the outflow so that the local charge density deviates from this Goldreich-Julian charge density. On the other hand, according to Section 3.2, only the net charge contributes to coherent radiation. Therefore, purely introducing an electron-positron pair plasma streaming in the pulsar magnetosphere may not generate coherent emission. It is the perturbation of charge density by the production of pairs that cause a deviation ρ from the quasi-ρ GJ background, and such a deviation is the source of coherent ra-dio emission. We will briefly discuss the bunching mechanism in Section 6.2. If the charges are not in the same trajectory, a detailed calculation of the coherent emission will be complex. We consider the following "simplified trajectory-family assumption"
6 : 1. electrons are in the different trajectories with the same curvature radius; 2. at the retarded time t = 0, all the electrons are in the plane perpendicular to the line of sight. Under the above conditions, we consider the appropriate coordinate system in Figure 3 , where all electrons are in the x − y plane at retarded time t = 0, the direction of the line of sight is along the z axis.
As shown in Figure 3 , for any trajectory under the above condition, e.g. the trajectory B, it can be generated via "rotation" (around x, y or z axis) or "displacement" (in the x − y plane) by a "seed" trajectory, i.e. trajectory A in Figure 3 , which is in the y − z plane with the corresponding electron at the origin at t = 0. Therefore, using the seed trajectory and the transformations, we can generate a family of trajectories. We consider the following basic trajectory families: 1. generated via rotation around z axis by the seed trajectory; 2. generated via rotation around y axis by the seed trajectory; 3. generated via rotation around x axis by the seed trajectory; 4. one of the above three cases adding a displacement.
First, we note that a displacement of a trajectory does not change its radiation spectrum. For a displacement, e.g., r(t) → r(t) + ∆r with n · ∆r = 0, one has
According to Eq.(1), dI/dωdΩ remains unchanged under the displacement. Therefore, one can shift one trajectory in the plane perpendicular to the line of sight and do not change its observed spectrum 7 . For example, if the N t trajectories keep parallel to each other and satisfy the above simplified trajectory-family assumption, According to the displacement invariance, the corresponding energy radiated per unit solid angle per unit frequency interval is
Since the displacement does not change the radiation, in the following we only need to consider the three rotation cases, i.e. the trajectory family is generated via: 1. rotation around the z axis; 2. rotation around the y axis; and 3. rotation around the x axis. If the trajectory family is generated via the rotation around z axis, as shown in Figure 4 , one has n · ∆r j = 0 and n · r j (t) = n · r(t), where r(t) denotes the seed trajectory, leading to the same exponential term in Eq.(2) for each electron. Define β ⊥,j as the component of β j in the plane that is perpendicular to the line of sight, one has,
For simplicity, we assume that the trajectory family is generated by rotating the seed trajectory (the median trajectory) by ±ϕ, and there are N t trajectories uniformly spaced in the opening angle 2ϕ. r(t) corresponds to the median trajectory, and ϕ j corresponds to the angle between the jth trajectory and the median trajectory, as shown in Figure 4 . Since the velocities of the electrons have the same z component, one can de-
where β ⊥ = −n×(n×β) is the perpendicular component of β of the electron in the median trajectory. Finally, we have
Note that if the trajectory family is axisymmetric, e.g., ϕ = π (ϕ is the half-opening angle), the radiation energy would be zero.
4.2.2.
Family II: Generated via rotation around Y axis If the trajectory family is generated via the rotation around y axis, the radiation amplitude of one trajectory in the trajectory family can be calculated following Appendix B, with the observation angle θ replaced by θ+ϕ j , where ϕ j corresponds to the angle between the jth trajectory and the median trajectory. We assume that the bunch opening angle of the N t trajectories is 2ϕ, and each trajectory is uniformly spaced within the bunch opening angle. The detailed calculation can be found in Appendix E.
First, we consider that there is only one electron in each trajectory, and all electrons have the same Lorentz factor γ. We define the critical frequency ω ϕ by θ c (ω ϕ ) ≃ ϕ, where θ c is the spread angle of curvature radiation (see Eq. (5)). Thus, one has
If ω ≫ ω ϕ , only a part of radiation within the bunch opening angle will be coherent. However, if ω ≪ ω ϕ , the radiation from the entire bunch opening angle will be coherent, as shown in Figure 6 . -Coherent curvature radiation from a bunch opening angle. Dark grey beam denotes low-frequency radiation, and light grey beam denotes high-frequency radiation. If ω > ωϕ, only a part of radiation with ω in the bunch opening angle will be coherent. If ω < ωϕ, the radiation from the entire bunch opening angle will be coherent.
For ω ϕ < ω c , the energy radiated per unit frequency interval per unit solid angle is given by (see Appendix E)
For ω ϕ > ω c , all the radiation energy in the bunch opening angle can be observed, the radiation energy would be given by Eq.(7). Next, we further consider that there are more than one electron in a point source in each trajectory and the electron distribution satisfies the power-law distribution, e.g. N e (γ)dγ = N e,0 (γ/γ 1 ) −p dγ for γ 1 < γ < γ 2 , where N e,0 corresponds to the normalization for all the trajectories. According to Appendix E, for ω ϕ ≪ ω c1 , the energy radiated per unit frequency interval per unit solid angel is given by
For ω ϕ ≫ ω c1 , the energy radiated per unit frequency interval per unit solid angle is given by
4.2.3. Family III: Generated via rotation around X axis Finally, we consider that the trajectory family generated via the rotation around x axis. We also assume that the bunch opening angle of the N t trajectories is 2ϕ, and each trajectory is uniformly spaced in the bunch opening angle, as shown in Figure 7 . In this case, the radiation spectrum will be as same as Family II (see Appendix F). For the monoenergetic electron distribution, the radiation energy is given by Eq.(32) and Eq.(7). For the power-law electron distribution, the radiation energy is given by Eq.(33) and Eq.(34). The detailed calculation is shown in Appendix F.
In summary, for Family II and Family III, the larger the bunch opening angle, the softer the coherent spectrum. The reasons are as follows: the spread angle of the curvature radiation is θ c = (3c/ωρ) 1/3 for ω ≪ ω c . For a given bunch opening angle 2ϕ, if ω > ω ϕ , where ω ϕ is defined as θ c (ω ϕ ) = ϕ, only a part of radiation in the bunch opening angle is coherent, as shown in Figure 6 . As a result, the flux of a high-frequency electromagnetic wave is suppressed due to incoherence. If ω < ω ϕ , due to θ c (ω) > ϕ, the radiation from the entire bunch opening angle is coherent. Therefore, for a mono-energetic electron distribution, one has dI/dωdΩ ∝ ω 2/3 if ω < ω ϕ , and dI/dωdΩ ∝ ω 0 if ω > ω ϕ , as shown in Eq.(32).
4.3. Electrons in the trajectories with different curvature radii In the above discussions, we have assumed that all the trajectories have the same curvature radius. If the trajectories have different curvature radii, the spectrum of coherent radiation will be more complex. We discuss the simplest case: two electrons are at the origin at the retarded time t = 0, and their trajectories lie in the same plane and have the same orientation. Assuming that the two electrons have the same energy γ and the curvature radii of each trajectory are ρ 1 and ρ 2 , respectively, the corresponding critical frequencies are ω c1 = 3cγ 3 /2ρ 1 and ω c2 = 3cγ 3 /2ρ 2 , respectively. The electromagnetic waves at the critical frequencies are E 1 = E 01 e iωc1t and E 2 = E 02 e iωc2t , respectively. We define ∆ρ = ρ 2 − ρ 1 , ρ = (ρ 1 + ρ 2 )/2, ∆ω c = ω c2 − ω c1 , ω c = (ω c1 + ω c2 )/2, and E 0 = (E 01 + E 02 )/2. For ∆ρ ρ, the superposition of both waves is given by
Thus, the amplitude of the superposition is
with the period of Such an effect is called "wave beat". As shown in Figure 8 , for the first-half period with −T b /4 < t < T b /4, the amplitude of the coherent wave satisfies E 0 < E b < 2E 0 . For the second-half period with T b /4 < t < T b /2 and −T b /2 < t < −T b /4, the amplitude of the coherent wave satisfies 0 < E b < E 0 . During the entire beat period T b , the mean amplitude of the coherent wave is E 0 . In order to make the superposition coherently enhanced, the pulse duration T p (See Eq. (9)) of the curvature radiation should be much less than the half period T b /2, e.g., T p ≪ T b /2. Therefore, the coherent condition of the trajectories with different curvature radii is
CURVATURE RADIATION FROM A THREE-DIMENSIONAL BUNCH
In this section, we consider that the curvature radiation from a three-dimensional bunch characterized by the following parameters: the electron energy distribution N e (γ)dγ, the curvature radius of the trajectory family ρ (in order to make the wave coherent, the difference of the curvature radii of the trajectories is required to be very small, see Section 4.3), the bunch length L, and a pair of the orthogonal bunch opening angles (ϕ × , ϕ + ) with their centers pointing to the observer, as shown in Figure 9 . According to the displacement invariance.
e.g., Eq. (26), we can gather the trajectories in the plane perpendicular to the line of sight, see Figure 9 . In the simplest case, we assume that the electrons are uniformly distributed in L and (ϕ × , ϕ + ), then such a threedimensional bunch can be treated as the combination of one-dimensional bunch (see Section 4.1) and two of the three rotation cases (see Section 4.2). For curvature radiation, due to the strong magnetic fields in the magnetosphere near a neutron star, the bunch will move along with the field line. Thus, the trajectories overlap with the field lines. We consider two typical magnetic field configurations for a threedimensional bunch, as shown in Figure 10 . In the case of the top-right panel in Figure 10 , the emission region is close to the magnetic axis of the dipole field, and the field configuration in the bunch consists of Family I and Family III, as discussed in Section 4.2 8 . In the case of the bottom-right panel in Figure 10 , the emission region is near the region where the field is perpendicular to the magnetic axis. The field configuration in the bunch consists of Family II and Family III. In the above two cases, ϕ × and ϕ + correspond to the bunch opening angle of the corresponding cases, respectively.
Family A: combination of Family I and Family III
At first, we consider the case that the emission region is close to the magnetic axis, as shown in the top-right panel of Figure 10 . In this case, the pair of the orthogonal bunch opening angles (ϕ × , ϕ + ) are (2ϕ 1 , 2ϕ), where ϕ 1 and ϕ are the bunch half-opening angles of Family I and Family III field lines, respectively. We also define
Without loss of generality, we consider that the upper limit of the frequency, e.g., min(ω m , ω c2 ), is much larger than other typical frequencies. According to Section 4. 
, the spectrum is shown in the panel (a) of Figure 11 , and one has
, the spectrum is shown in the panel (b) of Figure 11 , and one has
the spectrum is shown in the panel (c) of Figure 11 , and one has 
(c) Fig. 11 .-The spectra of the coherent curvature radiation from a three-dimensional bunch: (a) the spectrum with ω l ≪ ωϕ ≪ ω c1 ; (b) the spectrum with ωϕ ≪ ω l ≪ ω c1 ; (c) the spectrum with ωϕ ≪ ω c1 ≪ ω l . Figure 12 , and one has
panel (b) of
(c) If ω c1 ≪ ω ϕ ≪ ω l , the spectrum is shown in the panel (c) of Figure 12 , and one has
5.2. Family B: combination of Family II and Family III Next, we consider the emission region is near the region where the field is perpendicular to the magnetic axis, as shown in the bottom-right panel of Figure 10 . In this case, the pair of the orthogonal bunch opening angles (ϕ × , ϕ + ) are (2ϕ 2 , 2ϕ 3 ), where ϕ 2 and ϕ 3 are the bunch half-opening angles of Family II and Family III, respectively. Noticing that the spectral properties of Family II and Family III field lines are the same, we define
According to Section 4. 
9 Note that the quantity ϕ here is different from that of Family A in Section 5.1 (for Family A, ϕ is defined as the half-opening angle of Family III).
(c) Fig. 12. -The spectra of the coherent curvature radiation from a three-dimensional bunch: (a) the spectrum with ω l ≪ ω c1 ≪ ωϕ; (b) the spectrum with ω c1 ≪ ω l ≪ ωϕ; (c) the spectrum with
where the subscript "Family A" corresponds to the results in Section 5.1.
APPLICATION TO PULSARS
6.1. General considerations In general, the observed duration of one sub-pulse from a pulsar (also the duration of an FRB), e.g., T obs ∼ 1 ms, is much longer than the pulse duration of the curvature radiation, e.g., T p ∼ 1/ν c ∼ 1 ns (ν c /1 GHz) (see Eq. (9)). This means that there must be numerous bunches sweep-ing cross the line of sight during the observed duration T obs . The distance between the first bunch and the last bunch is s NB ∼ cT obs ∼ 3 × 10 7 cm(T obs /1 ms). According to Section 4.1.2, the maximum inter-bunch coherent frequency becomes ω bm ∼ (ρ/s NB ) 2 ω bl ∼ 2 × 10 8 rad s −1 (T obs /1 ms) −3 (ρ/10 10 cm) 2 , where ω bl ∼ 2c/s NB , which is smaller than the maximum coherent frequency ω bl of individual bunches. For the GHz radio waves, one has ω > ω bm , which means that the superposition of the electromagnetic waves from each bunch is not coherent. Therefore, according to Eq.(3), the observed flux, the energy received per unit time per unit frequency per unit area, is given by
where the factor of 2π is from the relation F ν = 2πF ω , D is the distance between source and observer, and T is the mean time interval between adjacent bunches. We assume that the distance scale of the gap between adjacent bunches is of the order of the bunch scale itself, which gives T ∼ L/c.
6.2. Bunching mechanism Before performing a more quantitative calculation of the curvature radiation spectra, we briefly summarize the possible mechanisms to form bunches in the magnetosphere of a pulsar (and an FRB if it originates from the magnetosphere of a rotating neutron star).
The outflow from the pulsar polar cap region is likely unsteady. Due to interplay between near-surface parallel electric field and binding of particles from the surface, the pulsar inner gap likely produce non-stationary sparks (Ruderman & Sutherland 1975; Zhang & Qiao 1996; Gil & Sendyk 2000; Gil et al. 2006) . These sparks of electron-positron pairs have spatial and temporal structures. The two-stream instability would be triggered in the inhomogeneous pulsar plasma when the outflowing plasma clouds disperse and overlap with each other (Melrose 1981; Usov 1987; Ursov & Usov 1988) , and electrostatic Langmuir waves are further triggerred in the magnetosphere. The nonlinear evolution of the unstable electrostatic oscillations results in the formation of plasma solitons (Pataraia & Melikidze 1980 ). Due to relative streaming of electrons and positrons and the corresponding difference in relativistic masses, the net charge of plasma solitons will result from the ponderomotive Miller force that acts on them at different rates, which give rise to coherent curvature radiation (Melikidze et al. 2000) . According to Melikidze et al. (2000) , each soliton consists of three bunches with charges of opposite signs. This is because the excess of one charge is compensated by the lack of this charge in the nearby regions. Melikidze et al. (2000) estimated that ∼ 10 5 solitons in ∼ 25 sparks can produce a brightness temperature of the typical radio pulsar. In this estimate, the solitons are regarded as one single charge without considering the spatial dimension. The spectrum of the radio emission is also not calculated. In the following, we will apply the three-dimensional coherent curvature radiation theory developed in §5 to study radio pulsar emission in detail.
6.3. Curvature radiation from a dipole magnetosphere The shadow area denotes a bunch with length L and cross section ∆S. θ is the poloidal angle of the dipole field, and α denotes the angel between the magnetic axis and the magnetic field. The emission region is close to the magnetic axis.
First, we consider that the emission region is close to the magnetic axis of a dipole field, as shown in Figure  13 . A bunch, with the length L and the bunch opening angles (∆φ, ∆α), moves along the field lines. The bunch opening angles (∆φ, ∆α) are determined by the magnetic field configuration in the bunch, where α denotes the angel between the magnetic axis and the magnetic field, and φ denotes the toroidal angle of the dipole field. In this case, the magnetic field configuration is consistent with Family A, and the spectrum is described in Section 5.1. For a given observed direction θ (the poloidal angle of the dipole field) and curvature radius ρ, the emission region (r, θ) can be determined by the magnetosphere geometry (see Appendix G), one has r ≃ 3 4 ρ sin θ, for θ 0.5
In this case, according to Section 5.1 and Eq.(48), the observed flux, the energy received per unit time per unit frequency per unit area, at the peak frequency ν peak is given by
where the peak frequency is given by ν peak = min(ν l , ν ϕ , ν c1 ), where
.
Note that ν ϕ is defined in Family A. As discussed in Section 3.2 and Section 4.1.3, only the fluctuating net charges in the Goldreich-Julian outflow can make the contribution to coherent radiation. We define the effective electron number as N e,eff , which corresponds to the fluctuating net charge number in a bunch. The net charge density of the bunch is n bun = n GJ + δn GJ ≡ (1 + µ c )n GJ , where n GJ = (ΩB p /2πec)(r/R) −3 is the Goldreich-Julian density (Goldreich & Julian 1969) , B p is the magnetic field strength at the polar cap, R is the neutron star radius, Ω = 2π/P is the angular velocity of the neutron star, P is the rotation period, and
is the normalized fluctuating net charge density δn GJ that contributes to coherent radiation. Here, we have assumed that the magnetic axis is parallel to the rotation axis. Therefore, for a power-law distribution of the effective electron number, e.g., N e (γ)dγ = N e,0 (γ/γ 1 ) −p dγ with N e,eff = N e (γ)dγ, the effective electron number in the bunch volume V is given by
The normalization of the electron distribution is given by
As shown in Figure 13 , according to the dipole magnetosphere geometry (see Appendix G), the bunch volume with the length L and the bunch opening angles (∆φ, ∆α) can be approximately given by
where ∆S denotes the cross section, and β is the angle between the radial direction and the magnetic field, which is given by Eq.(G6). The relation between ∆α and ∆θ is given by Eq.(G9). Next, we constrain ∆α and ∆φ. In order to make the electromagnetic waves from the field lines with different curvature radii coherent, according to Eq.(38), the difference of the curvature radii should satisfy ∆ρ ≪ ρ for ω ω c . For a given field line length l (from the dipole center to the emission region), the curvature radius at θ is approximately ρ ∼ 8l/3θ (see Eq.(G5) in Appendix G), leading to ∆θ/θ ∼ ∆ρ/ρ ≪ 1. Using the relation ∆α ∼ (3/2)∆θ, the bunch opening angle ∆α can be adopted as ∆α 0.1α ∼ 0.15θ.
For ∆α > 0.1α ∼ 0.15θ, the curvature radius would significantly change, which means that the electromagnetic waves from different field lines will not be coherent. On the other hand, different from ∆α, ∆φ can be relatively larger. There are two reasons: 1. for a given poloidal angle θ, the field lines with different toroidal angle φ have the same curvature radius; 2. for a given (r, θ), the angle between the magnetic field direction and the line of sight (the line of sight is taken to be tangent with the intermediate field line in the bunch opening angle), ψ, is always small, e.g.
Therefore, even for a relatively large ∆φ, one always has ψ ≪ 1 for α ≃ (3/2)θ ≪ 1, so that all the approximate conditions in the curvature radiation (ψ corresponds to θ in Section 2) are satisfied. Finally, the peak flux can be written as
There are three cases for the peak flux:
• Case I: for ν peak = ν l , one has
• Case II: for ν peak = ν ϕ , one has
• Case III: for ν peak = ν c1 , one has
6.4. Model confronting pulsar data Observationally, the spectra of pulsars can be fitted by a single power law, a two-segment broken power law, or a multi-segment broken power law (or log-parabolic) form. Eighty percent of pulsars appear to have a single power-law spectrum. The spectral index is around −(3 − 0) with the mean value of −1.6 (Lorimer et al. 1995; Jankowski et al. 2017) . Seven percent of pulsars appear to have a two-segment broken power law. They show the mean spectral indices of −1.55 and −2.72 , respectively, before and after the spectral break at ∼ 1 GHz, with both indices having large scatter (Xilouris et al. 1996) . Ten percent of pulsars can be fitted via a multisegment broken power law or a log-parabolic spectral model (Jankowski et al. 2017 ). These spectra appear more complex than the above two classes.
As discussed in Section 5, the spectrum of the curvature radiation from a bunch moving in a threedimensional field naturally predicts a multi-segment broken power law spectrum. The break frequencies are determined by the curvature radius, bunch length, and bunch opening angles. In general, the observed frequency band is narrow, which means that the observed spectra might be a part of a multi-segment broken power law. Thus, our model can naturally explain the observed spectra of pulsars.
For example, we consider the following typical parameters of a pulsar: D = 5 kpc, R = 10 6 cm, B p = 10 12 G, and P = 0.1 s. We introduce a moderate fluctuation parameter µ c = 0.1. Other parameters are adopted as L = 10 cm, γ 1 = 1000, ρ = 10 10 cm, p = 3,, θ = 0.01, and ∆φ = 0.1. In this case, the distance from the emission region to the dipole field center is r = 7.5 × 10 7 cm, the typical frequencies are ν c1 = 0.7 GHz, ν l = 0.9 GHz, ν ϕ = 3.4 GHz, and the observed flux is F ν,max = 2 mJy. Due to ν c1 < ν l < ν ϕ , the predict spectral index α index is shown in the panel (b) of Figure 12 : the spectral index is α index ∼ 0.7 for ν 0.7 GHz; α index ∼ −0.7 for 0.7 GHz ν 0.9 GHz; α index ∼ −2.7 for 0.9 GHz ν 3.4 GHz; α index ∼ −3.3 for ν 3.4 GHz. Thus, for the above parameters, the spectrum shows a multisegment broken law near ∼ 1 GHz.
These are generally consistent with the pulsar data. For the pulsars with the observed spectra having a single power law and a two-segment broken power law, they can also be explained by this model as long as the break frequencies, e.g., ν c1 , ν l and ν ϕ , have relatively large separations so that within the observed frequency band only zero or one break are observable. These can be achieved with reasonable pulsar parameters.
APPLICATION TO FAST RADIO BURSTS
7.1. Model A: Spindown powered scenario Fast radio bursts (FRBs) are mysterious radio transients characterized by millisecond-duration durations, large dispersion measure, and extremely high brightness temperature (e.g. Lorimer et al. 2007 ; Thornton et al. 2013; Chatterjee et al. 2017 ).
Thanks to multiwavelength follow-up observations and a precise localization (Chatterjee et al. 2017; Marcote et al. 2017) , the repeating FRB, FRB 121102, was identified in a dwarf galaxy at z = 0.19273 (Tendulkar et al. 2017) surrounded by a persistent radio counterpart (Chatterjee et al. 2017; Marcote et al. 2017) . The observation of nine VLA bursts from FRB 121102 showed that the spectra of FRB 121102 are narrow, which are characterized by a ∼ 3 GHz peak frequency width of roughly ∼ 500 MHz .
Since the coherent curvature radiation by bunches always emits a wide intrinsic spectrum, e.g., ∆ν/ν ∼ 1, the observed narrow spectra might result from the absorption of low-frequency radio emission. As discussed in Section 5, at high frequencies, e.g. ν max(ν c1 , ν l , ν ϕ ), the spectral index is approximately −(2p + 4)/3. Thus, if ν a max(ν c1 , ν l , ν ϕ ), where ν a is the absorption frequency, the observed spectra would be narrow.
Since FRBs have a much higher brightness temperature than that of pulsar, the fluctuating net charge number in a bunch need be much larger. Given the abrupt nature of FRBs, it is not unreasonable to introduce µ c = δn GJ /n GJ ∼ 1 or even larger. If one limits µ c = 1, the extremely high brightness temperature of FRBs still require a neutron star with a stronger magnetic field and a faster rotation than normal pulsars, with the emission region close to the neutron star. This conclusion is similar to Kumar et al. (2017) , although the details to achieve this conclusion are different. We adopt the following typical parameters: D = 1 Gpc, R = 10 6 cm, B p = 10 14 G, and P = 10 ms 10 . The model parameters are assumed as: L = 10 cm, γ 1 = 200, ρ = 3 × 10 7 cm, p = 3, θ = 0.1, and ∆φ = 0.1. In this case, the distance from the emission region to the dipole field center is r = 2.2 × 10 6 cm, the typical frequencies are ν c1 = 1.9 GHz, ν l = 0.9 GHz, ν ϕ = 1.1 GHz, and the intrinsic maximum flux is F ν,max = 1.6 Jy. Due to ν l < ν ϕ < ν c1 , the intrinsic spectral index α index is shown in the panel (a) of Figure 11 : α index ∼ 0.7 for ν 0.9 GHz; α index ∼ −1.3 for 0.9 GHz ν 1.1 GHz; α index ∼ −2 for 1.1 GHz ν 1.9 GHz; α index ∼ −3.3 for ν 1.9 GHz.
Observations showed that there is a persistent radio counterpart around the repeating FRB source FRB 121102 (Chatterjee et al. 2017; Marcote et al. 2017; Tendulkar et al. 2017 ). According to Yang et al. (2016) , if the FRB frequency is below the synchrotron selfabsorption (SSA) frequency of the nebula, electrons in the nebula would absorb the FRB photons, leading to enhanced self-absorbed synchrotron emission, which might explain the persist radio emission of FRB 121102. For such a synchrotron nebula, its luminosity is approxi-
, where r is the nebula radius ,
is the SSA intensity, ν B = eB/2πm e c is the electron cyclotron frequency, and ν a is the SSA frequency, which is defined by τ ν (ν a ) = 1. On the other hand, the bursts with ν < ν a will be absorbed by the nebula, leading to a low-frequency cutoff. Thus, the synchrotron self-absorption luminosity L and the nebula magnetic field B can be constrained via ν obs > ν a ≃ 1.8 GHz
, (63) and the observed peak flux is F ν,obs ∼ F ν (ν a ) ≃ 0.3 Jy. We note that the luminosity L ∼ 10 39 erg s −1 is just the order of the luminosity of the persistent radio emission of FRB 121102 (Chatterjee et al. 2017; Marcote et al. 2017; Tendulkar et al. 2017) . Therefore, the FRB-heated synchrotron nebulae can well explain the narrow spectrum of the bursts and the persistent radio emission.
7.2. Model B: Cosmic comb scenario 7.2.1. Curvature radiation from a combed magnetosphere 10 Notice that we did not invoke an even stronger magnetic field or an even shorter spin period. This is because the spindown time scale of those rapidly spinning magnetars would be shorter than the observation time of FRB 121102, which is of the order of several years. Zhang (2017) proposed that an FRB might be produced via the interaction between a nearby astrophysical plasma stream (from e.g. a nearby AGN flare, a GRB, a supernova or an outburst of a binary companion) and a foreground regular pulsar, the so called "cosmic comb". Due to the ram pressure of the stream, the magnetic field configuration of a pulsar would deviate from the dipole field configuration, meanwhile, the Goldreich-Julian outflow would be suddenly compressed, which would cause a large fluctuation of the net charge density, producing coherent bunches. When these bunches sweep across the line of sight as they are combed towards the anti-streamsource direction, they would make a detectable FRB. Such a model recently gains more motivation (Zhang 2018) in view of the large and variable rotation measure observed in the repeating FRB 121102 (Michilli et al. 2018) .
Within this model, the field configuration in a bunch is similar to the Family B field lines discussed in Section 5, and the bunch would have a larger curvature radius and a larger cross section than that in the dipole magnetosphere (see Section 5.1), since the field lines are combed to be nearly parallel to each other by the cosmic stream. Let us assume that the bunch opening angles are (∆φ, ∆α), where φ denotes the toroidal angle around the magnetic axis, and α denotes the angel between the magnetic axis and the magnetic field. We notice that in a combed magnetosphere, ∆φ and ∆α would be very small, since the field lines are combed to be nearly parallel to each other. The observed flux at the peak frequency ν peak is given by
The peak frequency is given by ν peak = min(ν l , ν ϕ , ν c1 ), where
where ϕ = max(∆α/2, ∆φ/2) is defined in Family B. For a violent combing event, within the short period of time of interest, the original Goldreich-Julian charge flow density would not be directly relevant, since the field line configuration is abruptly modified. For an easy description, we relate the net charge density of a bunch with the compressed Goldreich-Julian density, i.e. n bun = (1 + µ c )n ′ GJ , where n ′ GJ is the compressed Goldreich-Julian density, and µ c n ′ GJ denotes the fluctuation of the net charge density of a bunch, which contributes to the coherent radiation. Similar to Section 6.3, we define the effective electron number as N e,eff , which corresponds to the fluctuating net charge number in a bunch. For a power-law distribution of the effective electron number, e.g., N e = N e,0 (γ/γ 1 ) −p with N e,eff = N e dγ, the effective electron number in the compressed volume V ′ of a bunch is given by
As shown in Figure 14 , somewhat inside the light cylinder R LC = c/Ω, the field lines are compressed by the stream, thus the net electron number density of a bunch is of the order of that at the light cylinder with a compression factor ξ c > 1, e.g., n ′ GJ ∼ ξ c n GJ (R LC ). Consider that the field lines are combed to parallel to each other, the cross section of a bunch may be taken as ηR 2 LC , where η is a parameter describing the cross section. One has n
Thus, the normalization of the effective electron distribution is given by
Since the emission is somewhat inside the light cylinder (e.g. Zhang 2017), we approximately take the curvature radius as ρ ∼ R LC . Still assuming that the time interval between each bunch is T ∼ L/c, one can write the peak flux as
(70)
Model confronting FRB data
Let us take a conservative approach 11 by adopting µ c = 1 and ξ c = 10. For the cosmic comb model for FRBs (Zhang 2017) , we adopt the following typical parameters: D = 1 Gpc, R = 10 6 cm, B p = 10 13 G, and P = 0.1 s. The model parameter is assumed to be: L = 10 cm, γ 1 = 600, ρ = c/Ω = 4.8 × 10 8 cm, p = 3, η = 0.1, and ϕ = max(∆α/2, ∆φ/2) = 0.003. In this case, the typical frequencies are ν c1 = 3.2 GHz, ν l = 0.9 GHz, ν ϕ = 1.1 GHz, and the intrinsic maximum flux is F ν,max = 2.3 Jy. Due to ν l < ν ϕ < ν c1 , the predicted spectral index α index is shown in the panel (a) of Figure 11 : α index ∼ 0.7 for ν 0.9 GHz; α index ∼ −1.3 for 0.9 GHz ν 1.1 GHz; α index ∼ −2 for 1.1 GHz ν 3.2 GHz; α index ∼ −3.3 for ν 3.2 GHz.
In the cosmic comb model, the ram pressure P r should exceed the magnetic pressure P B at the light cylinder R LC = c/Ω ≃ 4.8 × 10 8 cm(P/0.1 s) (Zhang 2017 ). In the above parameter, the magnetic pressure at R LC is
. (73) To overcome such a pressure, one needs a strong stream from a nearby source so that the ram pressure of the continuous wind at the interaction region is, e.g.
whereṀ is the wind mass-loss rate, r is the distance from the source that produce the stream, and v = βc is the wind velocity. Notice again that here we have adopted a conservative value of µ c = 1 in the above discussion. It is quite possible µ c could be (much) greater than unity given the violent combing process. If so, the required combing condition could be (much) less stringent than derived here. At last, in order to explain the narrow spectrum of FRB 121102, we also consider the synchrotron selfabsorption from the FRB-heated synchrotron nebula , as discussed in Section 7.1. Thus, the observed peak flux is F ν,obs ∼ F ν (ν a ) ≃ 0.3 Jy. This scenario also requires that the combed pulsar is within the nebula (not necessarily at the center). As shown in Eq.(63), the radius of the nebula is larger than the separation between the combing source and the combed pulsar, consistent with our expectation.
CONCLUSIONS AND DISCUSSION
In this work, we developed a general radiation theory of coherent curvature radiation by bunches under the three-dimensional magnetic field geometry from the 11 In principle, the fluctuation parameter µc could exceed unity given the abruptness of the combing event, and the compression parameter ξc should be at least a few times greater than unity.
first principles and apply the model to interpret coherent radio emission from radio pulsars and FRBs. Following new conclusions are obtained:
• Different from previous works (e.g. Sturrock et al. 1975; Elsaesser & Kirk 1976 ) that assumed that electron spatial distribution is stationary, we considered a more general scenario that the trajectories (field lines) are not parallel to each other. As a result, the opening angle of the bunch enters the problem. For particles streams out from an open field line region, a bunch slightly expands when it moves away from the dipole center, and the coherent radiation depends on the opening angle of the bunch (see Section 4.2). Since the electromagnetic waves with higher frequencies have smaller spread angles, coherence is not effective for high-frequency electromagnetic waves. According to Section 4.2.2 and Section 4.2.3, for both Family II and Family III, the larger the bunch opening angle, the softer the coherent spectrum.
• Another important ingredient introduced in our theory is the power law distribution of electron energy. Combining with the three-dimensional magnetic field configuration considered, one can quantify coherent curvature radiation of bunches and calculate the predicted radiation spectrum for the first time. We consider a bunch, consisting of a trajectory family, that is characterized by the following parameters: bunch length L, curvature radius ρ of the trajectory family, bunch opening angles (ϕ × , ϕ + ), and electron energy distribution N e (γ)dγ with γ 1 < γ < γ 2 . The predicted radiation spectrum shows a multi-segment broken power law with the break frequencies ν c1 = 3cγ 3 1 /4πρ, ν l = c/πL, and ν ϕ = 3c/2πρϕ 3 , where ϕ depends on (ϕ × , ϕ + ) and the field line configuration in the bunch. The spectral indices depend on the relative order of these characteristic frequencies. The detailed spectra are presented in Sections 5.1 and 5.2.
• We emphasize that coherent emission in a pulsar magnetosphere is generated by the "fluctuation" of the net charge with respect the background Goldreich-Julian charge density, as discussed in Sections 3.2 and 4.1.3. We find that with the "bunches" whose net charge density slightly deviated from the Goldreich-Julian density (e.g. µ c = δn GJ /n GJ ∼ 0.1), the observed high brightness temperature of radio pulsars can be reproduced. Even though the total lepton number density, n ± , in the magnetosphere is greatly increased with respect to the Goldreich-Julian density, n GJ , in a pair-dominated magnetosphere, i.e. n ± ∼ Mn GJ with M ≫ 1, the net charge density remains close to the Goldreich-Julian, and the radiation of the pairs would essentially cancel out if they are spatially bunched together. Observationally, pulsars that emit radio emission seems to follow the condition of pair production (Ruderman & Sutherland 1975; Zhang et al. 2000) . The connection between coherent radiation and pair production might be indirect. For example, violent pair production and their spatial separation (in order to "screen" process to the parallel electric field in the gap region) would induce deviations of the local net charge densities from the Goldreich-Julian density to produce coherent radiation. Notice that these conclusions are different from some recent works on coherent curvature radiation by bunches from FRBs (e.g. Kumar et al. 2017; Lu & Kumar 2018) , in which the total number of electron-positron pairs are introduced to calculate the luminosity of bunching coherent curvature radiation. According to our theory, the coherent radiation luminosity is greatly overestimated in those investigations.
• The coherent mechanism of pulsar radio emission has been subject to debate over the years (Melrose 2017) . Our study suggests that coherent curvature radiation by bunches remains a promising candidate to interpret the observations. In particular, the observed spectra of pulsars, which can be fitted by either a single power law, or two-segment or multi-segment broken power laws (e.g. Lorimer et al. 1995; Xilouris et al. 1996; Jankowski et al. 2017) , are naturally interpreted for the first time, given the typical pulsar parameters (e.g. B p = 10 12 G and P = 0.1 s). The required fluctuation is only moderate (e.g. µ c = δn GJ /n GJ ∼ 0.1).
• The physical origin of FRBs is mysterious. Many FRB models invoked coherent curvature radiation by bunches to explain their extremely brightness temperature, e.g., pulsar-like activities (Connor et al. 2016; Cordes & Wasserman 2016; Metzger et al. 2017a; Kashiyama & Murase 2017) , mergers of compact binaries (Kashiyama et al. 2013; Totani 2013; Wang et al. 2016; Zhang 2016; Liu et al. 2016 ), collapse of supra-massive neutron stars to black holes (Falcke & Rezzolla 2014; Zhang 2014) , collisions between a neutron star and a comet or asteroids (Geng & Huang 2015; Dai et al. 2016) , cosmic combs (Zhang 2017) , and so on. However, most FRB models mainly focus on the released energy and duration, with the description of coherent radiation overly simplified. With the theory developed in this paper, coherent bunching mechanism of FRBs can be quantitatively discussed in great detail. Due to their extremely high brightness temperatures, FRBs have a much larger fluctuating net charge density compared with pulsars. Several factors may contribute to such a large fluctuating net charges: 1. The FRB source may involve a neutron star with a stronger magnetic field and faster rotation (e.g. Murase et al. 2016; Metzger et al. 2017b ) with the emission region close to the stellar surface (e.g. Kumar et al. 2017) . 2. Due to the abrupt nature of FRBs, the normalized fluctuation of the net charge density µ c for FRBs may reach or even exceed unity. 3. In the cosmic comb scenario (Zhang 2017 (Zhang , 2018 , the magnetosphere may be suddenly compressed by an astrophysical stream so that the effective fluctuation µ c would exceed unity. Meanwhile, since the field lines are combed to nearly parallel to each other, the cross section of a bunch could be very large, leading to more significant coherent emission. The bunching coherent mechanism proposed in this paper can interpret the steep negative spectral index observed in the bursts detected from the repeating source FRB 121102. In order to account for the narrowness of the spectrum, one needs to introduce synchrotron self-absorption from the FRBheated synchrotron nebula . The required nebula luminosity of this model coincides with the observed luminosity of the persistent radio emission of FRB 121102 (Chatterjee et al. 2017 ).
When we apply our model to radio emission of pulsars and FRBs, as discussed in Section 5, we have assumed that the bunch opening angle is mainly defined by the magnetic field geometry of the bunch. In general, a curvature drift that is perpendicular to the plane that contains the field lines, e.g. v d = ±m e cv 2 ϕ γ/eBρ, where v ϕ ∼ c is the velocity along the field lines, is required, since an electron/positron moving along a field line must be subject to a Lorentz force that causes it to follow the curved path (e.g. Zhelezniakov & Shaposhnikov 1979) . As a result, curvature drift would make electrons and positrons to drift in the opposite directions across the field lines, and cause more energetic particles to drift faster than less energetic particles. All these tend to disperse the bunch. However, the drifting angle due to the curvature drift effect, e.g.,
3 )(r/10 8 cm) 3 , is much smaller than the opening angle of field lines. Therefore, it is reasonable to ignore this curvature drift effect and assume that the bunch opening angle mainly depends on the field geometry.
On the other hand, we have assumed that the emission region of the curvature radiation is in the open field lines rather than the closed field lines. The main reason is that bunches from the open field line region would move along the field lines that curve away from the emitted coherent radio waves, so that they are not subject to further absorption by the proceeding bunches. Emission from the bunches moving in closed field line regions may be subject to further absorption by bunches moving along adjacent field lines. Even if it may not be absorbed, the emission in these cases would not be narrowly beamed, which might give rise to smoother lightcurves than observed. Pulsar radio emission is known to originate from the open field line regions of pulsars (e.g. Rankin 1983 ). For FRBs, models that invoke open field lines are favored. Those invoking closed field lines require further justification regarding the propagation of the coherent radio waves across the magnetosphere of the source.
Finally, we'd like to comment on that some basic conditions of the classical formula, e.g., Eq.(3) and Eq.(8), have been omitted in some previous works when applied to study curvature radiation (e.g. Ghisellini & Locatelli 2017) . Below are some examples: 1. Equation (8) was often used to describe the spectrum of curvature radiation. However, one should note that the classical ν 1/3 spectrum corresponds to the total radiation spectrum in all directions rather than the direction along the line of sight (Yang & Zhang 2018) . For curvature radiation, the radiation of one bunch is beamed in a narrow cone that sweeps cross the line of sight, thus one should consider the radiation per unit solid angle, rather than the total radiation spectrum. Even considering more than one bunch with different motion directions, a coherent sum of amplitudes should be considered, rather than the simple integration over angles. 2. The definition of radiation power should be based on the average time scale, T , of pulse repetition, as shown in Eq.(3). For synchrotron radiation, pulses repeat naturally with the gyration period. However, for one-time curvature radiation, the average time scale of pulse repetition depends on the average time interval between the bunches, instead of the gyration period. 3. Since the basic formulae about the radiation of moving charges, e.g., Eq.(2), can be applied to relativistic charged particles, it is unnecessary to repeatedly apply some relativistic effects, such as time delay, beaming effect and so on, to the derive dI/dωdΩ, etc. (cf. Eq. (2) In this section, we briefly summarize the radiation from moving charges. The fields at a point x at time t is determined by the retarded position r(t ′ ) and time t ′ of the charged particle. Defining R ≡ x − r(t ′ ), n ≡ R/R and β ≡ṙ(t ′ )/c, the electromagnetic fields are given by (e.g. Jackson 1998; Rybicki & Lightman 1979 )
where the subscript "ret" means that the quantities in the square brackets are all evaluated at the retarded time t ′ . As shown in the above equations, the electric field is composed of two terms: (1) the velocity field, which is the generalization of the Coulomb law to a moving charge and falls off as 1/R 2 ; and (2) the acceleration field, which, is proportional to the particle's acceleration, constitutes the radiation field falling off as 1/R.
First, the power radiated per unit solid angle has a general form, i.e.,
and t is the observed time at the field point, R is the distance between the field point and the retarded position of the charged particle. In general, the observed point is far enough away from the source, thus the velocity-field term in Eq.(A1) could be ignored in the "far zone". Based on the time-dependent electromagnetic field of a single moving charge, e.g., Eq.(A1), the radiation frequency spectrum can be calculated by the Fourier transformation, e.g.,
where t ′ is the retarded time, r(t ′ ) denotes the retarded position of the charged particle, β and n are defined as β =ṙ(t ′ )/c and n = R/R. Here R is defined as R = x − r(t ′ ) and x is the field point. For r(t ′ ) ≪ x, one has R(t ′ ) ≃ x − n · r(t ′ ), which has been considered in the above integral. Note that in Eq.(A3) one has used the identity
On the other hand, the total energy radiated per unit solid angle is given by (Jackson 1998) 
where dI/dωdΩ denotes the energy radiated per unit solid angle per unit frequency interval. Due to dI/dωdΩ = 2|A(ω)| 2 , one has finally (e.g. Jackson 1998; Rybicki & Lightman 1979) 
For brevity, the primes on the retarded time have been omitted. If there is more than one charged particle, a coherent sum of the amplitudes should replace the single amplitude in the above equation. In this case, the energy radiated per unit solid angle per unit frequency interval is given by
where j represents the identifier of each charged particle, and q j is the corresponding charge. In this section, we briefly summarize the curvature radiation of a single electron during instantaneously circular motion (e.g. Jackson 1998) . Consider the appropriate coordinate system in Figure 15 , where the origin is the location of the electron at the retarded time t = 0, and the instantaneously-circular trajectory lies in the x ′ − y ′ plane with a curvature radius ρ. The electron velocity is along x ′ axis at t = 0. Since the integral in Eq. (1) is taken along the trajectory, n can be chosen to lie in the x ′ − z ′ plane without losing generality. ǫ is the unit vector pointing to the center of the instantaneous circle, which is set to the y ′ direction, and ǫ ⊥ = n × ǫ is defined. The energy radiated per unit frequency interval per unit solid angle is given by (e.g. Jackson 1998)
where A ⊥ and A are the polarized components of the amplitude along ǫ ⊥ and ǫ , respectively, which are given by
The argument ξ in the modified Bessel function is defined as
According to the properties of the modified Bessel function, i.e., K ν (ξ) → 0 for ξ ≫ 1, the radiation intensity is negligible for ξ ≫ 1. As shown in Eq.(B3), ξ ≫ 1 is satisfied at large angles. On the other hand, if ω becomes too large, ξ will be large at all angles. Therefore, one can define the critical frequency by ξ = 1/2 for θ = 0, beyond which the radiation can be negligible at all angles (e.g. Jackson 1998). Such a critical frequency is given by
For an accelerated relativistic electron, its radiation is beamed in a narrow cone that sweeps cross the line of sight, which means that the radiation concentrates around θ = 0, and the parallel polarized component is dominant. According to Eq.(B1) and the properties of the modified Bessel function, e.g., K ν (x) → (Γ(ν)/2)(x/2) −ν for x ≪ 1 and ν = 0, and K ν (x) → π/2x exp(−x) for x ≫ 1 and ν = 0, one has (e.g. Jackson 1998)
For simplicity, we use the following approximation: 
where the subscript θ = 0 has been omitted for brevity. Eq.(B6) has an uncertainty of less than 50% over the range 0 < ω/2ω c < 10 0.5 . For a given frequency ω, the spread in angle can be estimated by determining the angle θ c at which ξ(θ c ) = max(ξ(0), 1). One has (Jackson 1998) 
As shown in the above equation, for frequencies comparable to ω c , the radiation is confined to angles of the order ∼ 1/γ; for lower frequencies, the angular spread is larger. Note that for frequencies higher than ω c , one has θ c ∝ ω −1/2 . However, the radiation has become negligible due to the exponential term, see Eq.(B5) or Eq.(B6).
Finally, the spectrum of the total energy emitted by the electron can be found by integrating Eq.(B1) over angle (Westfold 1959 )
However, one must note that it is the total radiation spectrum in all directions rather than the direction along the line of sight.
C. RADIATION FROM A POINT SOURCE WITH POWER-LAW DISTRIBUTED ELECTRONS
We consider that the radiation from a point containing relativistic electrons with different energies. The energy distribution of the electrons is assumed to be a power-law distribution, i.e.
where N e (γ)dγ is the electron number in a range from γ to γ + dγ, N e,0 is the corresponding normalization, γ 1 and γ 2 are the lower and upper limits of Lorentz factor. The energy radiated per unit frequency interval per unit solid angle is given by
If the observed direction is in the trajectory plane, e.g., θ = 0, the perpendicular polarized component is zero, e.g., A ⊥ (ω, γ) = 0. Thus, one has
where the parallel polarized amplitude is given by Eq.(B2), i.e.,
Here, we use the approximation
The coherent sum of the amplitudes is given by
, and ω c2 = ω c (γ 2 ). The radiation energy satisfies
If x 2 ≪ 1 and x 2 ≪ x 1 , according to the property of Gamma function, one has x1 x2
If x 1 → ∞, Γ((p − 1)/3, x 1 /2) → 0, for the power-law distribution of electrons, the energy radiated per unit frequency interval per unit solid angle is given by
D. SPECTRUM OF ONE-DIMENSIONAL BUNCH
First, we consider that the electron distribution is stationary. The retarded position of the jth electron can be written as r j (t) = r(t) + ∆r j , where r(t) denotes the retarded position of the first electron, and ∆r j denotes the relative displacement between the first electron and the jth electron, which is time-independent. According to Eq.(2), the total energy radiated per unit solid angle per unit frequency interval is given by
is a dimensionless parameter denoting the enhancement factor due to coherence, and dI (1) /dωdΩ corresponds to the radiation of the first electron. Next, we are interesting in that N electrons have the same trajectory but are injected at different times. In this case, the retarded position of the jth electron can be written as r j (t) = r(t)+∆r j (t). We note that ∆r j (t) must change with time, even if |∆r j (t)| is assumed to be time-independent. As shown in Figure 16 , for stationary-distributed electrons, their motions correspond to the displacement of the spatial distribution of electrons. However, for the electrons lying in the same trajectory, their motions correspond to rotation of the spatial distribution of electrons around the center of instantaneously circular.
Although the above two motion modes have significantly difference, we can prove that the latter can be approximately equal to the former when the bunch is relativistic and its length is enough small: For a relativistic bunch, its radiation is beamed in a narrow cone that sweeps cross the line of sight. Therefore, if the bunch length satisfying L ∼ ∆r N ρθ c , where θ c is the spread angle of curvature radiation ( for ω ∼ ω c , θ c ∼ 1/γ, see Eq.(5)), then in the observed path (with a length ∼ ρθ c where the bunch velocity is almost parallel to the line of sight), the relative displacement between each electron could be considered as time-independent. Note that although Eq.(1) shows that the observed spectrum is determined by the electron trajectory over a period of time, for a relativistic charged particle, the major contribution of the spectrum is from a path with ∼ ρθ c . Once outside the observed path, the radiation contributing to the line of sight could be ignored. At retarded time t = 0, the electron is at the origin, and the velocity is along x ′ axis. The solid line denotes a trajectory generated via the rotation around y ′ axis by the dashed line (corresponding to a trajectory generated via the rotation around y axis in Figure 5 when n is parallel to the x ′ axis.).
In this section, we consider that the trajectory family is generated via the rotation around y axis in Figure 5 . In the local frame, as shown in Figure 17 , the amplitude of one in the trajectory family can be calculated following Appendix B, with the observation angle θ replaced by θ + ϕ j , where ϕ j corresponds to the angle between the jth trajectory and the median trajectory. The energy radiated per unit frequency interval per unit solid angle is given by
First, we assume that the bunch opening angle of the N t trajectories is 2ϕ, each trajectory is uniformly spaced in the bunch opening angle, and there is only one electron in each trajectory. Then the amplitudes in the above equation are given by
Since the radiation is beamed in a narrow cone that sweeps cross the observation point, we are only interested in the case with θ = 0. One has
We define
For any ϕ ′ ≫ ϕ c , one has ξ ≫ 1, leading to K 2/3 (ξ) → 0. Therefore, one has approximately
For ω ϕ ≪ ω c , the sum of the parallel amplitudes is
which is defined as ϕ c (ω ϕ ) = ϕ. Therefore, the energy radiated per unit frequency interval per unit solid angle is given by 
On the other hand, for ω ϕ ≫ ω c , the radiation from the entire bunch opening angle can be observed, as shown in Figure 6 . In this case, the sum of the parallel amplitudes is given by Nt j A ,j (ω) = N t A (ω, γ), where A (ω, γ) is given by Eq.(C4). Thus the radiation energy is given by Eq.(7).
Next, we further consider that there are more than one electrons in a point source in each trajectory and the electron distribution satisfies the power-law distribution, e.g. N e (γ)dγ = N e,0 (γ/γ 1 ) −p dγ for γ 1 < γ < γ 2 , where N e,0 corresponds to the normalization for all the trajectories. In the case that ω ϕ ≪ ω c1 , if ω ≪ ω ϕ , since ω ϕ is independent of γ, one always has dI/dωdΩ ∝ ω 2/3 ; if ω ≫ ω ϕ , one has In summary, if ω ϕ ≪ ω c1 , the energy radiated per unit frequency interval per unit solid angle is given by , ω ≫ ω c1 .
If ω ϕ ≫ ω c1 , the energy radiated per unit frequency interval per unit solid angle is given by -Geometry for instantaneously circular motion for Family III in the local frame. The dashed line denotes the trajectory lies in the x ′ − y ′ plane. At retarded time t = 0, the electron is at the origin, and the velocity is along x ′ axis. The solid line denotes a trajectory generated via the rotation around z ′ axis by the dashed line (corresponding to a trajectory generated via the rotation around x axis in Figure 7 when n is parallel to the x ′ axis.), which is also in the x ′ − y ′ plane.
For the trajectory family generated via the rotation around x axis, as shown Figure 7 , we need to consider a more general situation to calculate the amplitude from each trajectory than that in Appendix B. In the local frame, as shown in Figure 18 , all the trajectories are in the x ′ − y ′ plane, and the angle between the electron velocity direction and x ′ axis at t = 0, is defined as ϕ j , where ϕ = 0 corresponds to the case of Appendix B. The vector term in the integrand Eq.(2) can be written as n × (n × β j ) = β −ǫ sin vt ρ + ϕ j + ǫ ⊥ cos vt ρ + ϕ j sin θ .
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